Abstract. In this work we study the solutions to a nonlinear Schrödinger equation with harmonic and periodic potentials, motivated from the recent interest in these models as mean-field descriptions of Bose-Einstein condensates. We use a two-mode Galerkin approximation to study the dynamics of the full model. The phase plane and stability analysis of the reduced model yield very good agreement with the findings of the full partial differential equation. A particularly interesting finding of the stability analysis is a spontaneous symmetry breaking through a branching bifurcation, resulting in the stabilization of asymmetric states and the destabilization of symmetric or anti-symmetric ones. We also highlight the important differences between the cases of symmetric potentials and those of weakly asymmetric potentials. *
Introduction
Over the past decade, the experimental and theoretical study of Bose-Einstein condensates (BECs) has gained large interest due to the very precise experimental control and monitoring capabilities that are becoming available [6, 7, 17, 23] . These developments have led to an increase of interest in the study of solitary waves in these atomic physics contexts. In particular, one-dimensional dark [4, 8] and bright [21, 26] solitons have been identified in experiments with repulsive and attractive BECs respectively. These developments are paving the way for using the solitary waves in guidance and manipulation experiments through magnetic waveguides [22] and atom chips [12] which in turn may have impact in the rapidly evolving areas of quantum atom optics and quantum information processing.
The experimental settings mentioned above typically involve the presence of external fields, such as magnetic traps or optical lattices, which are used to confine the atoms. The former can be well approximated with a parabolic potential [7] , while the latter is a periodic potential formed by the interference pattern of two counter-propagating laser beams [3, 5] . The relevant mean-field model for the study of the condensates consists then of a nonlinear Schrödinger equation (the so-called Gross-Pitaevskii equation (GPE) in this context [7] ), where the coefficient of the nonlinearity is proportional to the scattering length of the interatomic interaction and an external parabolic and periodic potential are added.
The quasi-one dimensional model for the BEC with both a magnetic trap and optical lattice is of the form iq t + 1 2 q xx + ωq + δ|q| 2 q = ( 1 2 Ω 2 x 2 + p(x + ξ))q (1.1) [18] . Here δ ∈ {−1, +1}, ξ ∈ R, and p : R → R is L-periodic. The term Ω 2 x 2 /2 represents the effect of the magnetic trap, with the parameter Ω being the reduced frequency of the trap [18] , while the term p(x + ξ) represents the effect of the optical lattice. The parameter ξ corresponds to a shift of the optical lattice relative to the magnetic trap. As it will be seen in the following sections, this shift plays an important role in the stability of the steady-states.
In most of the numerical computations presented herein, we will set Ω = 0.2 and < 5. These values are certainly relevant for the experimental realizations of quasi-one-dimensional Bose-Einstein condensates. In particular, Ω in the quasi-1d framework represents the ratio of the trapping frequency in the longitudinal direction (ω x ) over the much tighter trapping frequency in the transverse directions (ω ⊥ ). Typical strengths of the longitudinal trapping are of the order of ω x = 0 − 100π Hz, while transverse ones are within the range of ω ⊥ = 140π − 400π Hz, which implies that Ω = 0.2 is experimentally tractable. Furthermore, the strength of the optical lattice can be varied over a very wide range of parameter values (of around 4 orders of magnitude in the corresponding transverse oscillator energy units ω ⊥ ); hence, the ranges of reported here are well within the accessible regime of optical lattice strengths 1 . One of the interests in the current study of equation (1.1) is the limit Ω → 0 + . In this limit it is difficult to do an analysis near the linear limit, as the nature of the linear problem is dramatically different if Ω = 0 compared to Ω > 0. In particular, for Ω > 0 the resolvent associated with the linear part of equation (1.1) is compact, whereas for Ω = 0 this feature is lost. The idea followed below is to rescale the equation in such a way that the limit of small Ω is more tractable analytically. Set
Upon applying the scalings of equation (1.2) to equation (1.1) and dropping the tildes one gets
Note that in the above formulation if 0 < Ω 1, then the optical lattice is rapidly varying with respect to the magnetic trap. Further note that once a solutionq(x,t) to equation (1.3) has been found, the solution to equation (1.1) is then given by
Thus, under this formulation, if 0 < Ω 1, then one is looking for small solutions on very long length and time scales.
In the framework of the mean-field model equation (1.3), a viewpoint that has largely been unexplored is that of the underlying linear problem. In the case of the purely optical periodic potential, the expansion in the Wannier function basis of eigenfunctions of the linear potential gave a systematic reduction of the continuum model to a discrete one in [2] . The spectrum of the combined magnetic and optical trapping had not been studied theoretically prior to the recent work of [14] . In this paper, we use the knowledge of the underlying linear problem in a Galerkin type expansion (resembling in character the Wannier expansion of [2] ). To simplify the problem, we then truncate the expansion maintaining only two dominant modes. We then examine the resulting system of 2 ODEs and obtain results about the bifurcations of states that have emanated from their linear counterparts. These findings are corroborated with direct bifurcation results from the full Gross-Pitaevskii equation and are found to excellent qualitative and very good quantitative agreement with the latter. One of the key findings is that for larger particle numbers, even though the potential may be symmetric, asymmetric states may become stable, while symmetric ones are destabilized in a branching bifurcation similar to the one observed for the rather special potential of two δ-functions in [13] . Another interesting feature concerns the significant differences of the bifurcation features between the special case of a symmetric potential and those of weakly asymmetric potentials. We show that the bifurcation structure is quite different in the latter case, involving a saddle-node bifurcation rather than the branching scenario.
It is also important to connect the solutions from the linear limit obtained herein with the well-established nonlinear solutions in the presence of the magnetic trap and the optical lattice such as the Thomas-Fermi state, the dark soliton, or the bright soliton in the presence of these potentials [1, 7, 19, 20, 27] . We will illustrate through our numerical results that the continuation of the waves obtained herein to the regime of large nonlinearity naturally yields the latter solutions.
Our presentation will be structured as follows. In Section 2 we give the Galerkin approximation, while in Section 3 we examine its two-mode truncation in some detail. In Section 4, we compare the two-mode predictions with the numerical findings of the full GPE. In Section 5 we summarize our findings and present our conclusions. Finally, in the Appendix we consider in great detail the spectral stability of the solutions found in Section 3.
Two-mode approximation
Consider the linear operator L defined via
As discussed in [14] , one knows that σ(L) is composed only of point spectrum {µ j } ⊂ R; furthermore, the eigenfunctions {q n } form an orthonormal basis, and each eigenspace is simple. In finding real-valued time-independent solutions to equation (1.3), one studies
As discussed in [14] , if one looks for small solutions to equation (2.2), i.e., Q = βq+O(β 2 ) for 0 < β 1, then the problem can be studied via an elementary application of Lyapunov-Schmidt theory. As a consequence of the theory one knows that the small nonlinear states are given by Q n = βq n + O(β 2 ), with ω = µ n + O(β). Unfortunately, the theory does not yield any information regarding bifurcations unless 0 < β 1. As a consequence, we will use an ODE approximation to equation (1.3) to better explore the solutions of equation (2.2).
For a given N ∈ N, consider the approximation
Assuming that q i , q j = δ ij , and setting While the details will not be given here, one can show that equation (2.4) is an N + 1 degree of freedom Hamiltonian system. Such a system requires more analysis than we wish to consider. The results of [11, 25] suggest that if the number of particles is not too large, and if /Ω > 0 is sufficiently large, then upon setting N = 1 equation (2.4) may yield accurate predictions regarding the existence of steady-state solutions to equation (1.3) (see Figure 3 for the associated eigenfunctions). In fact, as is seen in Figure 1 and Figure 2 , the approximation with N = 1 yields surprisingly good results even for relatively large initial data (in both figures, one has that q(·, 0) L2 = 1). In both figures it is seen that the initial excitement of only the first two modes does not excite the other modes to any great degree; hence, one can expect that a two-mode approximation will give a good approximate qualitative description of the full dynamics.
If N = 1 the equations of motion are given by
where Note that although there is a mild beating effect, the solution has a strong asymmetric character. In the above the fact that α i jk = α j i k for any fixed i, j, k, ∈ N 0 was implicitly used. If one supposes that p(x) is even, then the eigenfunctions satisfy the property that q 2j (x) is even and q 2j+1 (x) is odd. Hence, in this case α It is straightforward to check that d dt
This is simply a reflection of the fact that the number of particles is conserved for equation (1.3). Upon 
2 , one sees that the Hamiltonian in equation (2.5) can be rewritten in the new scaling as and set c j := 2ρ j e iφj for j = 0, 1, i.e., the pairs (ρ j , φ j ) define action-angle variables. Note that ∆α 1 , ∆α 2 ∈ R + , whereas ∆α 3 and ∆α 4 can be of either sign. In these variables the Hamiltonian in equation (2.6) can be rewritten and rescaled as
where ∆φ := φ 1 − φ 0 . The symmetry-breaking terms are now associated with ∆α 3 and ∆α 4 . The equations of motion in action-angle variables are given bẏ
Since ρ 0 + ρ 1 = 1, equation (2.9) can finally be reduced tȯ
where ∆µ :
As seen in Figure 4 , the quantity ∆α 3,4 is well-defined for all values of . The physical solutions to equation (2.10) satisfy ρ 0 ∈ [0, 1]. Upon noting that equation (2.10) is unchanged under the actions Remark 2.1. The case N = 0 yields the integrable one degree of freedom system
The analysis of this system is straightforward; hence, it is left for the interested reader.
Analysis of the two-mode approximation
In this section we will determine the critical points to equation (2.10) . In particular, we will determine a criterion for bifurcations based upon the number of particles. Note that if (ρ * 0 , ∆φ * ) is a critical point, then the corresponding nonlinear state to equation (1.3) is given by
Symmetric potential
If one supposes that p(x) is even, then ∆α 3 = ∆α 4 = 0, so that equation (2.10) becomeṡ
In addition to those given in equation (2.12), the system equation (3.2) is also invariant under the action
When considering equation (3.2) , it is clear that if ∆φ = 0 (mod π/2), thenρ 0 = 0. It will henceforth be assumed that ∆φ = 0 (mod π), as the set of solutions ∆φ = π/2 (mod π) does not correspond to real-valued solutions for equation (1.1). First consider the critical points which satisfy ρ 0 ∈ {0, 1}. One then has that saddle-node bifurcation occurs for R = R Before continuing with a critical point analysis, one first needs to understand the behavior of the constants ∆α 1 and ∆α 2 . This is shown in Figure 5 for Ω = 0.2 and 0 ≤ ≤ 5. As a consequence, it will henceforth be assumed that 0 < ∆α j ≤ 2 for j = 1, 2. First consider equation (3.4) . If δ = +1, then no bifurcation can occur. If δ = −1 a bifurcation occurs at the point R = R 0 c ; furthermore, there exist no critical points for 0 ≤ R < R 0 c , whereas for R > R 0 c two pairs of critical points arise on {ρ 0 = 0} via a saddle-node bifurcation. Each of these points is a saddle point; hence, for R > R 0 c it is expected that the nonlinear solution with ρ 0 = 0 given in equation (3.1) is unstable. This issue will be addressed more fully in the Appendix. A plot of R 0 c is given in the right panel of Figure 5 for Ω = 0.2. Additionally, a critical point representing an asymmetric solution is created for R > R 0 c . Since one may have ∆φ ∈ {0, π}, in function space this asymmetric solution is realized via a pitchfork bifurcation. This critical point is a nonlinear center; hence, it may be expected that the new solution is spectrally stable. These critical points may disappear via another saddle-node bifurcation for R 1. We will, however, focus on the primary bifurcation and its physical significance in this study. Now consider equation (3.5) . If δ = −1, then no bifurcation can occur, whereas if δ = +1, then a bifurcation occurs at the point R = R Figure 5 for Ω = 0.2. As above, a critical point representing an asymmetric solution is created for R > R 1 c . Again, this critical point is a nonlinear center, and in function space is realized via a pitchfork bifurcation. The overall situation for δ = −1 is summarized in Figure 6 , and that for δ = +1 is summarized in Figure 7 . Remark 3.1. The full spectral analysis, which relies upon the work of [14] [15] [16] , will be given in the Appendix. Now let us determine the value of ω for which the bifurcations occur. Upon using equation (2.9) and solving ∂H 2 ∂ρ j = 0, j = 0, 1, (3.6) for ρ 0 ∈ {0, 1}, one sees that for equation (3.4) the bifurcation occurs at ω = ω 0 c , where
while for equation (3.5) the bifurcation occurs at ω = ω 1 c , where
In Figure 8 one sees a plot of ω 0 c given in equation (3.7) and the actual value of the bifurcation point for 0 < ≤ 4.5. The manner in which the actual bifurcation point is determined is discussed in the Appendix. As it can be seen, the predicted value is remarkably good, especially for ≥ 0.3. In Figure 9 one sees a plot of ω 1 c given in equation (3.8) and the actual value of the bifurcation point for 0 < ≤ 4.5. The predicted value is again remarkably good, especially for ≥ 0.5. , which implies that the bifurcation associated with ρ 0 = 0 occurs at a smaller value of the power than that for ρ 0 = 1. As a consequence, in the former case the nonlinearity plays a lesser role, so that the truncation to the small number of modes used here is more likely to yield a valid prediction. (b) We have noticed that the two-mode reduction gives generically less accurate predictions for small as Ω → 0 + . As is discussed in [24] , the two-mode approximation becomes more robust in terms of predictions as → +∞; hence, the result is not too surprising. 
Again solving equation (3.6) eventually yields that
Upon consulting Figure 5 one sees that ω − ω 0 c > 0, so that the bifurcation is supercritical for Ω = 0.2. In a similar fashion it can be shown that if δ = +1, then the bifurcation is subcritical.
Asymmetric potential
Assuming that p(x) is not even, one must now consider the full set of equations in equation (2.10). Assuming that ∆φ = 0 (mod π), one has that a critical point will exist if and only if
where
A saddle-node bifurcation will occur at that point R sn for which
In general, this point must be computed numerically. It should be noted that a numerical analysis for the potential p(x) = cos 2(x − ξ) yields the existence of a critical value ξ c such that a bifurcation will occur if |ξ| < ξ c (mod π), and no bifurcation will occur otherwise. A sample plot of ∆α 3,4 is given in Figure 4 , and that for ∆α 4 is given in Figure 10 . As seen in this figure, if is sufficiently small, then it may be possible to do a perturbative analysis of equation (3.10) . If one focuses on ≈ 0.5, then one sees the values of ∆α 3 and ∆α 4 given in Figure 10 . Note that each constant is of O(10 −1 ). If one assumes that |∆α 3 |, |∆α 4 | 1, then regarding equation (3.9) one can conclude the following. If δ = −1 and 0 < R < R 0 c , then there will be two solutions if ∆α 4 cos ∆φ > 0, and no solutions otherwise. Each of these solutions will be a nonlinear center. A saddle-node bifurcation near ρ 0 = 0 will occur at some R sn > R 0 c if ∆α 4 cos ∆φ < 0, and the other two critical points will persist for all R > 0. One of the newly created solutions will be a nonlinear center, whereas the other will be a saddle point. A sample scenario is illustrated in Figure 11 . If δ = +1 and 0 < R < R 1 c , then there will be two solutions if ∆α 4 cos ∆φ < 0, and no solutions otherwise. A saddle-node bifurcation near ρ 0 = 1 will occur at some R sn > R 0 c if ∆α 4 cos ∆φ > 0, and the other two critical points will persist for all R > 0. Figure 11 : A typical saddle-node bifurcation in the case that δ = −1. Here it is assumed that ∆α4 > 0, so that for R > Rsn the new solutions reside on the line ∆φ = π. Regarding the bifurcating solutions, one critical point will be a saddle point, whereas the other will be a nonlinear center. in Section 3.1, the saddle-node bifurcation point ω sn can be determined once R sn is known.
Numerical results
The notation regarding the spectral stability of the nonlinear waves found in Section 3 is as follows. 
Verification of the two-mode analysis
We now compare the results of the two-mode truncation with those of the full mean-field equation (1.1) . In all that follows we examine equation (1.1) with = 0.5 and Ω = 0.2. First suppose that δ = −1 with p(x) = cos 2x. We continued the solution starting from µ 1 . The result is shown for the L 2 norm of the solution ||u|| L 2 = ( |u| 2 dx) 1/2 (related to the number of particles in the BEC context) as a function of ω in the top left panel of Figure 12 . The branch exists for ω > µ 1 = 0.18. The originally anti-symmetric solution that bifurcates from µ 1 has a secondary bifurcation for ω > 0.27 to an asymmetric branch which becomes the spectrally stable solution for supercritical values of ω, while the symmetric branch has k r = 1 in agreement with the theoretical predictions of the previous section. In fact, the two-mode truncation predicts that the bifurcation occurs for ω > ω 1 c ∼ .2706 in excellent agreement with the results of the GPE. We now examine the bifurcation for the case of δ = +1 and the branch bifurcating from µ 0 . Figure 13 shows that as the two-mode truncation predicts there is a subcritical bifurcation occurring at ω = −0.04 (the bifurcation of the symmetric state occurs for ω = µ 0 = 0.04). Notice that for ω < −0.04, the symmetric branch becomes unstable (with k r = 1) to an asymmetric branch which now becomes the minimizer. Hence, for a sufficiently large number of particles there is a symmetry-breaking bifurcation leading to an asymmetric ground state in a symmetric potential. In this case as well, the two-mode theory can give a prediction which is relatively close to the one of the full GPE; specifically, the reduction predicts the bifurcation occurring for ω < ω 0 c ∼ −0.036. We now examine the same bifurcations for the potential p(x) = cos 2(x − 0.1). Figure 14 shows the continuation of the branch starting from µ 1 in the case of δ = −1, while Figure 15 shows the branch bifurcating from µ 0 for δ = +1. We observe once again that the prediction of the two-mode reduction for the existence of a saddle-node bifurcation is once again correct. In the δ = −1 case, the bifurcation occurs for ω > 0.31. One of the 3 branches that exist for larger values of ω has k r = 1, while the other two have k
This results in an oscillatory instability of these branches for larger values of ω (0.43 and 0.46 respectively for the two branches). In this case, the two-mode reduction predicts the saddle-node bifurcation as occurring for ω sn ∼ 0.2946, again in very good agreement with the full GPE results. Similar results for the mode bifurcating from µ 0 are shown in Fig. 15 and δ = +1 . In this case, the bifurcation occurs for ω < −0.06, while the two-mode approximation predicts it as occurring for ω sn ∼ −0.0523. 
Connection to the large nonlinearity solutions
A natural question that arises in the context of the solutions considered herein concerns their connection with the nonlinear waves of equation (1.1) in the presence of large nonlinearity. Examples of the latter category include (but are not limited to) the Thomas-Fermi cloud [7] , and bright as well as dark solitons [9, 19, 27] . We have found that the solutions presented herein, when continued to large nonlinear interactions indeed yield these nonlinear waves. One such example is shown in Figure 16 , where starting from the nonlinear regime of ω = 1 (where the amplitude of the solution is ≈ 1.1), we use parametric continuation as a function of ω to approach the linear limit. We clearly observe that the solution practically degenerates to the linear solution, while the relevant branch bifurcates from the linear branch of eigenvalue µ 0 = 0.0355. Similar results have been obtained, e.g., for the dark soliton branch in connection with the antisymmetric branch of Figure 12 . In that case, the linear solution close to the continuation of the branch corresponds to the second eigenvalue with µ 1 = 0.183.
Conclusions
In this work we have examined the bifurcation picture of nonlinear Schrödinger equations in the presence of harmonic and periodic potentials. Starting from the linear states of the problem, we have used a Galerkin truncation to obtain a system of ODEs. Truncating this system dramatically to a mere set of two modes, we have analyzed the existence and stability of solutions for the resulting set of ODEs.
Surprisingly enough, this drastically reduced set of equations gives excellent qualitative agreement with the findings of the full PDE for the bifurcations of the branches and the appearance of secondary bifurcations for larger values of the relevant physical parameter (in this case the number of particles). On the quantitative side, the predictions also yielded very good agreement, even though it was slightly less satisfactory in the case of attractive interactions.
The results of these secondary bifurcations were also quite unexpected, and are apparently rather generic features of the equation in the presence of such external potentials. More specifically, it was found that the relevant symmetric (anti-symmetric) states below (above) a critical threshold lose stability, due to a branching bifurcation, to a spectrally stable asymmetric state. This leads one to believe that the scenario of [13] is rather generic, and that for a sufficiently large numbers of particles BECs on multi-well potentials will incur a spontaneous symmetry breaking towards asymmetric states.
It was furthermore shown that the bifurcation scenario will be considerably different between the case of a perfectly symmetric periodic potential and that of a weakly asymmetric one. The latter case involves the presence of a saddle-node bifurcation (and in fact the existence of 3 distinct branches rather than two) rather than the branching bifurcation discussed above.
While the obtained solutions were identified for the nonlinear problem in the neighborhood of the corresponding linear limit, it was illustrated that the resulting structures typically persist in the context of large nonlinearity and, hence, should be relevant to experimental studies. It will be particularly interesting to examine the applicability of these findings in the laboratory, a feat that appears quite feasible, as concerns for instance the examination of the ground state in the focusing case for different particle numbers in the condensate.
Appendix: Linear stability analysis
The purpose of this appendix is to provide a theoretical justification for the stability arguments which were briefly presented in Section 3. The general results presented in [15, 16] will be used (also see [14] ). Upon taking real and imaginary parts via q := u + iv, and linearizing about a real-valued solution Q, one has the eigenvalue problem
Eigenvalue problems of this type have been studied extensively (see [15] for a bibliography). For equation (A.1) let k r represent the number of real positive eigenvalues, k c the number of eigenvalues with both positive real and imaginary parts, and k − i the number of purely imaginary eigenvalues with positive imaginary part and negative Krein sign. The Krein signature of a simple eigenvalue λ ∈ iR + is given by
where the associated eigenfunction of equation (A.1) is given by (u λ , v λ ) (see [15, Section 2.2] for more details). Let n(L ± ) correspond to the number of negative eigenvalues of L ± and z(L ± ) be the number of zero eigenvalues of L ± . The recent result of [15, Theorem 3.3] states that
Suppose that Q = βq j + O(β 2 ) for j ∈ {0, 1}. It can be shown analytically for small 0 < β 1 [14, Section 3.2], and verified numerically for
Furthermore, upon using Sturm-Liouville theory and the fact that L − Q = 0 one has that
Thus, the key quantity in determining the stability of the wave will be n(L + ). As discussed in [14] , if
As such, if j = 0 and δ = +1, then upon applying equation (A.3) one has that k r = k − i = k c = 0, and as seen in [14] , if j = 1 and δ = −1, then one has that k r = k c = 0 with k − i = 1. In both cases the wave is spectrally stable; furthermore, in the former case the wave is actually a minimizer, and is hence stable.
Suppose that Q = βq j + O(β 2 ), where j = 0 for δ = +1 and j = 1 for δ = −1. The above stability result is valid only for sufficiently small values of β. Assuming that the wave can be continued as a function of β, it is then natural to wonder as to the situation for β = O(1). As a consequence of the above discussion, the eigenvalue count given in equation (A.3) can change only if n(L + ) changes. If n(L + ) either increases or decreases by one, then as a consequence of equation (A.5) one can conclude that a pair of purely imaginary eigenvalues passed through the origin and became a pair or purely real eigenvalues.
Let us consider one case which will serve to illustrate the general phenomena. First suppose that δ = +1 and j = 0. In Figure 17 p(x) = cos 2x. Let ω c be such that z(L + ) = 1 for ω = ω c . Since n(L + ) = 2 for ω < ω c , one has that k r = 1 for ω < ω c , which implies that the wave destabilizes. In Figure 18 this wave is continued in the case that p(x) = cos 2(x − 0.1). Note that n(L + ) = 1 continually, so that the wave never destabilizes. Hence, one can conclude that varying the optical lattice with respect to the magnetic trap can play a stabilizing role. In Figure 19 a plot of the two solutions is given. The left panel corresponds to the data plotted in Figure 17 , while the right panel corresponds to the data plotted in Figure 18 . Note that the solutions are markedly different; in particular, the second solution is asymmetric. Now consider the stability of the bifurcating solution in the case that j = 0 and δ = +1 with p(x) = cos 2x. One has that n(D) = 1, and by Sturm-Liouville theory one has that n(L − ) = 0. It can be further seen that n(L + ) = 1. As a consequence, upon applying equation (A.3) one can conclude that the bifurcating asymmetric wave is a minimizer. If one considers the scenario with the potential p(x) = cos 2(x − 0.1), then upon again applying the results of [10, Chapter 6] one sees that one bifurcating solution has n(L + ) = 1, whereas the other will have n(L + ) = 2. Thus, one solution will be a minimizer, whereas the other will have the property that k r = 1. Figure 17 , while the panel on the right corresponds to the data plotted in Figure 18 .
Remark A.1. A similar stability result holds in the case that j = 1 and δ = −1. For the potential p(x) = cos 2x one can numerically find a ω c such that n(L + ) = 1 for µ 1 < ω < ω c , and n(L + ) = 2 for ω c < ω. If p(x) = cos 2(x − 0.1), then n(L + ) = 1 for all ω > µ 1 . If p(x) = cos 2(x − 0.1), then one bifurcating solution has n(L + ) = 1, whereas the other will have n(L + ) = 2.
